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Abstract
This note is devoted to construction of the domain of the regular representation of Diff+(S1). We consider
a subgroup of diffeomorphism group such that the Malliavin–Shavgulidze measure is quasi-invariant with
respect to the left action of the subgroup. The measure appears to be quasi-invariant with respect to the
left action of diffeomorphisms with discontinuous second derivative. We derive an expression for quasi-
invariance density and obtain an additional PSL(2,R) symmetry breaking term.
© 2006 Elsevier Inc. All rights reserved.
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Quasi-invariant measures defined on groups of diffeomorphisms of manifolds were obtained
for the circle in [8,9] and were studied in [2–4]. Regular representations of Diff3+(S1) were
constructed and studied in [1,2] (Diffk+(S1) denotes the group of all diffeomorphisms that are
of class Ck and preserve the orientation). Measures quasi-invariant with respect to the action of
nonsmooth diffeomorphisms do not seem to have been studied.
Properties of quasi-invariant measures on groups of diffeomorphisms of the circle are of
considerable interest due to possible applications to quantum field and string models [9,10].
Quasi-invariant measures on Diff+(S1) and corresponding regular representations were recently
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this model lead to the problem of the domain of regular representations.
Let us recall the Malliavin–Shavgulidze construction of Diff3+([0,1])-quasi-invariant
(Diff3+(S1)-quasi-invariant) measure on Diff1+([0,1]) (on Diff1+(S1)).
We introduce a mapping A : Diffk+([0,1]) → Ck−10 ([0,1]), k ∈ N,
A :f (t) → lnf ′(t) − lnf ′(0).
Here Ck0([0,1]) denotes the space of functions of class Ck vanishing at the point 0. Let w be the
Wiener measure on C0([0,1]). On the space Diff1+([0,1]) we introduce a Borel measure ν by
setting ν(X) = w(A(X)) for any Borel X ⊂ Diff1+([0,1]). For every ϕ ∈ Diff2+([0,1]) consider
a left action Lϕ : Diff1+([0,1]) → Diff1+([0,1]) setting Lϕ(f ) = ϕ ◦ f . The image Sh = A ◦Lϕ ◦
A−1 of this action under the mapping A is given by
Sh :C0
([0,1])→ C0([0,1]), x(t) → x(t) + h
( ∫ t
0 e
x(s) ds∫ 1
0 e
x(s) ds
)
,
where h = A(ϕ) ∈ C20([0,1]).
It was shown in [7] that ν is quasi-invariant with respect to the left action of the subgroup
Diff3+([0,1]) and
ν
(
Lϕ(X)
)= ∫
X
1
ϕ′(1)
e
ϕ′′(0)
ϕ′(0) f
′(0)− ϕ′′(1)
ϕ′(1) f
′(1)
e
∫ 1
0
( ϕ′′′(f (t))
ϕ′(f (t)) − 32
( ϕ′′(f (t))
ϕ′(f (t))
)2)
(f ′(t))2 dt
ν(df ),
or taking into account that ν(Lϕ ◦ A−1(X)) = w(Sh(X)) we state
Theorem 1. The Wiener measure is quasi-invariant with respect to the mapping Sh, for every
h ∈ C20([0,1]) and for any Borel X ⊂ C0([0,1]),
w
(
Sh(X)
)=
1∫
0
e−h(1)+h(t) dt
∫
X
e
h′(0)−h′(1)ex(1)∫ 1
0 e
x(s)ds
× e
∫ 1
0
(
h′′
( ∫ t
0 e
x(s) ds∫ 1
0 e
x(s) ds
)
− 12
(
h′
( ∫ t
0 e
x(s) ds∫ 1
0 e
x(s) ds
))2) e2x(t) dt
(
∫ 1
0 e
x(s) ds)2 w(dx). (1)
In the same way, we shall construct the quasi-invariant measure on Diff1+(S1). Introduce a
homeomorphism B : Diff1+(S1) → S1 × C0,0([0,1]) setting
B :f (t) → (f (0), lnf ′(t) − lnf ′(0)),
where C0,0([0,1]) = {x ∈ C0([0,1]) | x(1) = 0}. Let w0 be the law of the Brownian bridge
from 0 to 0. On the space Diff1+(S1) we introduce a Borel measure μ by setting for any Borel
X ⊂ Diff1+(S1),
μ(X) = (λ × w0)
(
B(X)
)
,
where λ denotes the Haar measure on S1. For every ϕ ∈ Diff2+(S1) consider a left action
Lϕ : Diff1+(S1) → Diff1+(S1) setting Lϕ(f ) = ϕ ◦ f . The following theorem is proved in [7].
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Diff3+(S1) and for any Borel X ⊂ Diff1+(S1),
μ
(
Lϕ(X)
)= ∫
X
e
∫
S1
( ϕ′′′(f (t))
ϕ′(f (t)) − 32
( ϕ′′(f (t))
ϕ′(f (t))
)2)
(f ′(t))2 dt
μ(df ).
Note that the quasi-invariance density
ρϕ(f ) = exp
{∫
S1
Sϕ ◦ f (t) ×
(
f ′(t)
)2
dt
}
,
where Sϕ(t) denotes the Schwarzian, is PSL(2,R)-invariant. Indeed, for any ψ ∈ PSL(2,R) one
has Sψϕ = Sϕ + (ϕ′)2Sψ ◦ ϕ = Sϕ .
The main goal of this paper is to describe one quasi-invariance subgroup G, Diff3+([0,1]) ⊂
G ⊂ Diff1+([0,1]). The following proposition strengthens a theorem of [7].
Theorem 3. Let h′ be bounded and Borel. The Wiener measure is quasi-invariant with respect to
the mapping Sh and for any Borel X ⊂ C0([0,1]),
w
(
Sh(X)
)=
1∫
0
e−h(1)+h(t) dt
×
∫
X
e
− ∫ 10 h′(
∫ t
0 e
x(s) ds∫ 1
0 e
x(s) ds
)
d
(
ex(t)∫ 1
0 e
x(s) ds
)
− 12
∫ 1
0
(
h′
( ∫ t
0 e
x(s) ds∫ 1
0 e
x(s) ds
)
e2x(t)∫ 1
0 e
x(s) ds
)2
dt
w(dx). (2)
The expression
1∫
0
h′
( ∫ t
0 e
x(s) ds∫ 1
0 e
x(s) ds
)
d
(
ex(t)∫ 1
0 e
x(s) ds
)
(3)
denotes the following. Let (Wt ,Wt ,w) be a standard Brownian motion. Here Wt denotes the
Wiener process, Wt denotes the natural filtration, w denotes the Wiener measure. Define a new
filtration satisfying the usual hypotheses (see [6])
Ft =
⋂
s>t
(
Ws ∨ σ
( 1∫
0
eWτ dτ
))
.
It is obvious that the process h′
( ∫ t
0 e
Ws ds∫ 1
0 e
Ws ds
)
is {Ft }-predictable. Let Qt(ω,dx) denote the regular
conditional distribution of
∫ 1
0 e
Ws ds with respect to {Wt }. For any bounded Borel f :R+ → R
we have
∫
f (x)Qt(ω,dx) = E
{
f
( 1∫
eWs ds
) ∣∣∣∣Wt
}0
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{
f
( t∫
0
eWs ds +
1∫
t
eWs ds
) ∣∣∣∣Wt
}
=
∫
f
( t∫
0
eWs ds + x
)
pt (dx), (4)
where pt is the law of
∫ 1
t
eWs ds. Note that
∫ t
0 e
Ws ds  0 and pt has a density with respect
to Lebesgue measure on R+. Thus we have pt(d(x +
∫ t
0 e
Ws ds)) 	 pt(dx) and the regular
conditional distribution
E
{
f
( 1∫
0
eWs ds
) ∣∣∣∣Wt
}
=
∫
f
( t∫
0
eWs ds + x
)
pt (dx)
has a density with respect to pt(dx). The Jacod’s criterion [5] then implies that Wt (and eWt ) is
an {Ft }-semimartingale and the stochastic integral
1∫
0
h′
( ∫ t
0 e
Ws ds∫ 1
0 e
Ws ds
)
d
(
eWt∫ 1
0 e
Ws ds
)
exists. Therefore expression (3) is defined on C0([0,1]) (w-a.s.).
Denote
f (t) =
∫ t
0 e
x(s) ds∫ 1
0 e
x(s) ds
, ξ(t) = h′(t)
and let {ξn} ⊂ C1([0,1]) be a sequence that converges to ξ(t) (a.s.), and
sup
t∈[0,1]
∣∣ξn(t)∣∣< C, sup
t∈[0,1]
∣∣ξ(t)∣∣< C ∈ R.
Put also hn(t) =
∫ t
0 ξn(s) ds.
According to Theorem 1 write the quasi-invariance density
ρξn(f ) =
1∫
0
e−hn(1)+hn(t) dt
× exp
{
ξn(0)f ′(0) − ξn(1)f ′(1) +
1∫
0
[
ξ ′n
(
f (t)
)− 1
2
ξ2n
(
f (t)
)](
f ′(t)
)2
dt
}
=
1∫
0
e−hn(1)+hn(t) dt exp
{
−
1∫
0
ξn
(
f (t)
)
df ′(t) − 1
2
1∫
0
ξ2n
(
f (t)
)(
f ′(t)
)2
dt
}
, (5)
where we have used that ξn(f (t)) is of finite variation. Where the function f is continuous and
|ξ2n (f (t))(f ′(t))2| < C2(supt∈[0,1] |f ′(t)|)2, we could pass to the limit n → ∞:
1∫
ξ2n
(
f (t)
)(
f ′(t)
)2
dt →
1∫
ξ2
(
f (t)
)(
f ′(t)
)2
dt.0 0
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as n → ∞ and the stochastic integral ∫ 10 Cd( ex(t)∫ 1
0 e
x(s) ds
)
exists. Therefore, applying the Domi-
nated Convergence Theorem in ucp topology we have
1∫
0
ξn
(
f (t)
)
df ′(t) P−→
1∫
0
ξ
(
f (t)
)
df ′(t).
Taking out the subsequence we can get a w-a.s. convergence. Thus we have ρξn → ρξ (w-a.s.).
Let F :C0([0,1]) → R be a continuous function that has a bounded support. By virtue of Theo-
rem 1 we have∫
C0([0,1])
F (x)w(dx) =
∫
C0([0,1])
F
(
x + Shn(x)
)
ρξn(x)w(dx).
We can pass to the limit n → ∞,∫
C0([0,1])
F (x)w(dx) =
∫
C0([0,1])
F
(
x + Sh(x)
)
ρξ (x)w(dx).
Indeed, suppose suppF be bounded by M ∈ R: x ∈ suppF ⇒ supt∈[0,1] |x(t)| < M. One has
ρ2ξn
ρ2ξn
=
(∫ 1
0 e
−hn(1)+hn(t) dt
)2∫ 1
0 e
−2hn(1)+2hn(t) dt
e
∫ 1
0 ξ
2
n (f (t))(f
′(t))2 dt .
The following estimate implies that we are in a position to pass to the limit:
E
(
F 2
(
x + Sξn(x)
)
ρ2ξn
)
 sup
Af∈C0([0,1])
[
F 2
(
A−1(f )
)
e
∫ 1
0 ξ
2
n (y)f
′(f −1(y)) dy
]
×
(∫ 1
0 e
−hn(1)+hn(t) dt
)2∫ 1
0 e
−2hn(1)+2hn(t) dt
Eρ2ξn
 sup
x∈C0([0,1])
F 2(x) sup
Af∈suppF
e
∫ 1
0 ξ
2
n (y) dy supt∈[0,1] f ′(t)
 sup
x∈C0([0,1])
F 2(x)eC
2e2M < ∞. (6)
This completes the proof of Theorem 3.
We shall state the theorem, which is the straightforward consequence of the theorem proved
and preceding constructions. The theorem generalizes results of [7].
Theorem 4. The Borel measure μ is quasi-invariant with respect to the left action f → ϕ ◦ f
of diffeomorphisms ϕ ∈ G, where G denotes the subgroup of Diff1+(S1) consisting of diffeomor-
phisms ϕ such that ϕ′′ is bounded; for any Borel X ⊂ Diff1+(S1)
μ
(
Lϕ(X)
)= ∫
X
e
− ∫ 10 ϕ′′(f (t))ϕ′(f (t)) df ′(t)− 12 ∫ 10 [ ϕ′′(f (t))ϕ′(f (t)) f ′(t)]2dtμ(df ), (7)
where the first integral denotes the image of (3) under the mapping A.
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expression for the quasi-invariance density derived does not involve anticipating integrals, so the
nonanticipative stochastic calculus is applicable.
Let us discuss the case when ϕ′′ is of bounded variation. We can proceed with integration by
parts and get the following expression for the quasi-invariance density:
ρϕ(f ) = exp
{∫
S1
f ′(t)
ϕ′(t)
dϕ′′
(
f (t)
)− 3
2
∫
S1
[
ϕ′′(f (t))
ϕ′(f (t))
f ′(t)
]2
dt
}
,
where the first integral denotes a path-by-path (Stieltjes) integral. Suppose that ϕ′′ does not in-
volve a singular component, i.e. there is a function ϕ¯′′′ ∈ L1([0,1]) and a sequence {Φk} ∈ l1
such that
ϕ′′(t) =
∑
t<tk
Φk +
t∫
0
ϕ¯′′′(s) ds,
where {tk} ⊂ S1. In this case we can state that μ is quasi-invariant with respect to the left action
of diffeomorphism ϕ and the quasi-invariance density takes the form:
μ
(
Lϕ(X)
)= ∫
X
e
∫
S1
( ϕ¯′′′(f (t))
ϕ′(f (t)) − 32
( ϕ′′(f (t))
ϕ′(f (t))
)2)
(f ′(t))2d t+∑k f ′(f−1(tk ))ϕ′(tk ) Φkμ(df ).
Note that the last expression (and the density (7)) is not PSL(2,R)-invariant. The invariance
breaking term
∑
k
f ′(f−1(tk))
ϕ′(tk) Φk arises when ϕ
′′ has jumps, it vanishes if Φk = 0. This phe-
nomenon may have important consequences for quantum-field models on loop spaces where the
invariance property plays a crucial role.
We are now in a position to define the extension T :G → U(L2(Diff1+(S1),μ)) of the (left)
regular unitary representation of Diff3+(S1):
(Tϕf )(x) =
(
ρϕ−1(x)
) 1
2 f
(
ϕ−1x
)
.
As in [2] this representation is reducible. Indeed, the measure described above is right invariant
under action of the subgroup of rotations S1 ⊂ G. This gives us the right representation of S1
in L2(Diff1+(S1),μ) and (as in [1]) we obtain the series of invariant subspaces. Thus T admits
the following decomposition: T =⊕n∈Z T n, where T n denotes the restriction of T to the corre-
sponding invariant subspace.
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